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Abstract. The paper examines the influence of the dynamic parameters of the
machine and the geometry of the adjustment of rigid supports on the formation
of undulations of the surfaces of roller bearing rings. A complex mathematical
model of the machine tool system for centerless mortise grinding was developed,
and the influence of the dynamic parameters of the machine tool and the geometry
of the setup of rigid supports on the formation of undulations of the processed
surfaces was analyzed. The SWaAGL-50 mortise centerless grinding machine’s
technological system is presented as a linear mechanical model, and the elastic
movements along the OX axis are considered. Based on the equations of kinetic
and potential energies compiled in the form of Lagrange, the equations of motion
of the relevant elements of the technological system were obtained. The formula of
the dynamic accuracy function was found, which characterizes the inconsistency
of the movement of the grinding wheel and the part.
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1 Introduction

The modern level of development of bearing production necessitates the creation and
implementation of technological processes, the application of which provides the neces-
sary indicators of the operational properties of roller bearing parts [1]. The operational
properties of roller bearings determine the competitiveness of mechanical engineering
products [2]. They depend on the state of their working surfaces, which are characterized
by a set of geometric and physical-mechanical quality parameters that are formed during
the finishing operations of technological processes of mechanical processing [3].
Among the finishing operations, types of grinding are used, which make it possible
to ensure high dimensional accuracy and the quality of the processed surface [4]. The
study of the mechanism of the formation of parameters of the state of the working
surface being processed is an urgent issue in the theory and practice of grinding [5]. For
the analysis and research of grinding processes, mathematical models are used in which
Laplace operators are used for the analysis of the centerless grinding system. In such
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models, it is necessary to consider the technological system for grinding as a whole,
considering the machine’s characteristics, the tools, and the part being processed [6].

The purpose of the research: to develop a complex mathematical model of the
SWaAGL-50 centerless mortise grinding machine, to analyze the influence of the
dynamic parameters of the machine and the geometry of the adjustment of rigid supports
on the formation of the waviness of the detail surfaces.

2 Literature Review

Research on the process of centerless grinding was carried out in the paper [7, 8],
various approaches were used, and various parameters and indicators of the process
were considered. In particular, the analysis carried out in [9] assumed that the part, rigid
supports, grinding wheel, and machine were perfectly rigid. However, the machine-tool-
part (MTP) process system is flexible and causes vibrations over the entire frequency
range during normal operation in the manufacturing process. In paper [8, 10] static or
stability forces were considered. However, for a complete understanding of the behavior
of the technological system, efforts must be made to model the machine and find its
influence on the technological process [11].

The strategy here is to create an adequate machine tool model in the Laplace
domain to analyze the machine tool displacement hodograph with the combined dis-
placement hodograph from papers [7, 12] in the complex plane, and then compare
different s = o +j, between tuning conditions. Machine vibration affects the final accu-
racy of the manufactured part in three ways [13, 14]. The static stiffness of the machine
affects the dimensional accuracy of the part of the grinding forces, excites oscillations
in the machine, and leads to false dimensional feedback. The geometric influence con-
sidered will be strengthened or weakened depending on the low resonant frequencies
of the machine. It should be taken into account that higher frequency resonances of the
machine generate high-frequency irregularities on the surface of the part, apart from the
geometric regeneration mechanism. These mechanisms can be described by observing
the frequency spectrum of oscillations with the corresponding growth rates in the s zone.
In the Laplace area, the effects created by the machine will be combined with the effects
found in the papers [8].

By analyzing the hodograph of the movement of the machine with the combined
hodograph of the movement of waviness and regeneration at a given frequency, the
solution of the systems of characteristic equations graphically determines the rate of
growth of dynamic vibrations. This graphical coincidence will allow us to compare
different tuning geometries in terms of the unstable exponential growth of o ins = o +j,.

3 Research Methodology

3.1 Mathematical Model of a Machine for Centerless Mortise Grinding on Rigid
Supports

Grinding machines are made up of individual components, including motors, feed mech-
anisms, bearings, grinding wheels, etc. Each of these components resonates at one or
more separate frequencies [7]. Machine components are solid structures that can be
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modeled as discrete sets of individual elements consisting of linear springs, masses, and
dampers. Each set of modeling elements has its characteristic equation, and they were
all combined in the Laplace domain to obtain Eq. (1):
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The value of m in Eq. (1) in reality reaches infinity, but most of the main effects
of the machine are found when m is small and limited. This approach assumes that the
machine is made of linear springs and that any non-linear element is linearized for the
model.

As noted in paper [8], forced oscillations of technological system elements play the
greatest role in the formation of waviness. We will present the MTP system of a mortise
centerless grinding machine, for example, the SWaAGL-50 model, in the form of a linear
mechanical model (Fig. 1) and consider elastic movements along the OX axis.
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Fig. 1. Mechanical model (a) and dynamic diagram (b) of the machine-part system during
centerless grinding on the SWaAGL-50 machine.

The equations of motion for each coordinate in the Lagrange form have the form:

aox o O @

wherei=1,2 ... n; Q; — generalized non-potential force; L = Wiy, — W) ; Wiin—Kinetic
energy of the system; W,,, — potential energy of the system.
After appropriate substitutions and transformations, we get a system of n equations:

n
Zk:l 8ikXi + fickic + cikxi = Arcos(Pr + vkt) 3)

where g, f, ¢ are mass coefficients, damping coefficients, stiffness coefficients according
too,

A =z 02 @)

where z —imbalance of rotating system elements; v — frequency of rotation of imbalances;
¢ — oscillation phases.
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The relative forced oscillations of the part and the grinding wheel are characterized by
the dynamic accuracy function, which is the sum of partial solutions for each coordinate

HH =y Uika;;k sin(vet + @)+ (%l pysin(wn+ag) ()
where v, o are the frequencies of forced and free oscillations of the elements, respec-
tively; cp, B, are functions that depend on the structure of the system and the connections
of elements.

In the linear model of the MTP system of the SWaAGL-50 machine, the following
conventions and assumptions are adopted: 1) the movement of the inertial element in
the inertial frame of reference takes place in one direction, along the OX axis; 2) the
support is a body (machine or earth), which has such a large mass that the reverse action
of the elements oscillating on the support can be neglected; 3) the support, inertial
element and elements that serve to secure the springs are not deformed; 4) we neglect
the mass of elastic suspensions; 5) the elastic force is proportional to the deformation
of the elastic suspension; 6) the viscous resistance in the system is proportional to the
first step of the displacement speed of the inertial element; 7) mass, stiffness coefficient,
damping coefficient are constant parameters that do not change in the studied period; 8)
the beginning of the displacement count is chosen at the position of the center of mass
at equilibrium.

In Fig. 1, the following designations are used: G| — mass of the electric motor driv-
ing the circle with the plate; G, — mass of the table with the grinding headstock; G3
— weight of the electric motor of the drive of the product with the plate; G4 — weight
of the part; g1, g2, g3, g4 — unbalanced masses of the rotor of the electric motor driving
the wheel, the spindle with the grinding wheel, the rotor of the electric motor driving
the product and the part, respectively; ry, 2, r3, r4 — radius of location of unbalanced
masses; Kesy, Ksg, Kewr , Kua, Kesv, Ksy, Kewv , Kgy —horizontal and vertical stiff-
ness coefficients of the corresponding elements according to the scheme; K7g — stiffness
coefficient of the belt transmission of the grinding wheel; Kysw — stiffness coefficient of
the magnetic transmission of the workpiece drive; Kx — stiffness coefficient of contact
between the surfaces of the grinding wheel and the processed workpiece; fy, fy — hor-
izontal and vertical damping coefficients, respectively; x1, x2, x3, x4 — displacement of
the corresponding elements according to the scheme; x), is the coordinate of the mis-
alignment of the contact between the working surface of the circle and the polished
surface of the part.

Based on the equations of kinetic and potential energies compiled in the form of
Lagrange, by entering the appropriate notations:

Kgsy + Krg = kq, g1 +G =g,
Ksy + Ky = ky, g2+ Gy =g,
Kewn + Kyw = ks, g3+ Gs = g3,

Kun + Ky = ky, 9o+ Gy =94,
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we obtain the equations of motion of the corresponding elements.

g1 (X + X)) + kyxy = _917”11712005(9'[’? +v;t) (6)
91 Gy + %) + GoXy — Kuuky + koxy — Kexy = —gimvicos(9) + vit) — g,mpvicos(@9 + vyt) (7)
G3(¥5 + %4) + k3x3 = —gsr3vicos(¢] +vit) ()

G5 (s +33) + Gty — Ky — Koty = Koy = —gymyvdcos (9 +v5) — guryvicos(9f +v,t) ()
Subtracting Eq. (6) from (7) and Eq. (8) from (9), we get:
Ga%p + Ksyky + kpxy — ki — Kexy = —gpryvicos(gy + vyt)
Gada + Ksp¥a + Koy — k3xs — Kexy = —g4mavicos(¢g + vyt)

Having found X and X4, substituting their values into Egs. (6) and (8), respectively,
let’s convert Egs. (6)—(9) into the form:

. ke k
¥+ ( L4 —,1) x, =Xy —xz pley =2 rv2cos(¢? + vit) + rzvzcos(cl)z + v,t)
91 g2 92 g2 g2 91
ky g2
X +—x +——— +—x = —2rvicos + v,t
2t % 3, 4 PRELD (@3 + v,1) (10)
i3+ (k3 + —k,3) X3 — Kun X4 — —k,4 Xy = ——g r3v2cos(¢ + vst) + r4v4 2cos(@l + v,t)
g3 ga ga ga N

X4 + %924 + I;_zx3 + %xz = g—r4v4 cos(¢p) + v4t)

In expression (10), a system of linear inhomogeneous differential equations of the
2nd order is obtained, which describe the movement of the elements of the MTP system of
the SWaAGL-50 machine. Each of the right-hand parts of this system g,-r,-vl.zcos ((,b? ~+v;t)
represents a centrifugal force caused by the imbalance of the corresponding mass ati =1,
2, 3, 4. During fine grinding, and especially during finishing, the influence of secondary
sources will be very small, so it can be neglected by taking x; = aiells x; = ajpePl; ¥ =
oz,-pzep l, where p — some number.

After substituting the accepted assumption into the equation of system (10) and
transformations, we get:

[ + (2] s - (22 + ) 0 + 52, = 0
g2 g2

g1 92
—g—a1+[p +(K;:p+f?—z)]a2+%a4=0;
—a2+[p +(93+Z—i)]a3—(1<ﬂp+ )a2=0; (1)
K¢

—3, % ——a3 + [pz + (I(g’,’—4”p+g,—4)] ay =0.

A(p) = p® + Ap” + Bp® + Cp® + Dp* + Ep* + Fp*> + Lp + N
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In this way, a characteristic equation of the 8th degree is obtained, all the coefficients
of which are positive, since:

koksy + Ké > 0;
koks = (Ksiy + Kc)(Kun + Ke) = KsuKpn + Kc(Ksy + Kun) + K&
koks — K% = KsuKun + Kc(Ksy + Kupy) > 0.

As aresult, the characteristic equation has no real roots. All eight roots are complex,
that is, they have four pairs of complex conjugate roots. They have the following form:

{Pl = —d1 +iwy; :p3 = —& +iw; :ps = —33 + iws3; {p7 = —084 + iwy;
p2 = —01 —iwy; | ps=—68 —iwy; | pe = —03 —iw3; | pg = —84 — iwy.

To find the roots, the characteristic equation should be solved. The task is to find
system solutions (10) that satisfy the initial conditions:

x 0. x3 _ 0. x4 _ .0

= == = Xy, — = X,.
t=tg 2 =n 3’ =1 4
X1 _)'CO. By _)'CO. X3 _)'CO. Xq _jCO (12)
t=ty — 1 t=tg T T2 t=t9 T T3’ 1=ty — T4

After transforming the system (10) with the initial conditions (12) using direct and
inverse Laplace transformations, after carrying out a series of manipulations, the vibra-
tion displacement of the center of the part along the x| coordinate was obtained in the
form:

1 . 1 i
X1 (f) = —ai‘”e_‘sltsm(wlt + ¢il)l) + _a1V1e—81tsln(V1t + ¢r1) (13)
wi Vi
h 242, _ cb—ad
where o1 = 24d?’ ¢1 - ClVCtgaC+bd-

Expressions for the vibration displacements of the remaining elements 2, 3, and 4
of the MTP system are similarly found. Then, the formula of the function of dynamic
accuracy, which characterizes the inconsistency of the movement of the grinding wheel
and the part, that is, as the difference x,(p) = x4(¢) — x2(¢), will have the form:

1 _ . 1 _ .
xp(1) = Eoc;,‘”e Misin(wit + ¢p') + w—zot;’ze 2l sin(wat + ¢p?)

+-Lag? e sin(wst + ¢ ) + L e 4 sin(wat + ) + %O{F e Msin(vit + ¢,') (14)

(O} ()
+ii2a1‘;26752’sin(vzt + ¢;2) + %4a;3e753’sin(\/3t + qﬁ}f) + ﬁa},}“e*‘s“sin(mt + gb},}“).

The first four terms characterize the free oscillations of the system elements, which
decay over time and therefore, if necessary, they can be neglected. The SWaAGL-50
machine for centerless slot grinding on rigid supports is a typical machine for the bearing
industry. An accelerometer and an «Agilent HP 35665A Dynamic Signal Analyzer»
signal analyzer were used to determine the resonant frequencies of the machine. Dynamic
and static readings were taken from the machine, and the accelerometer was located in
different areas of the machine to monitor the vibration of each of the above elements.
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Table 1. Oscillation frequencies of SWaAGL-50 machine components.

Component The value of the natural | Component The value of the natural
frequency, Hz frequency, Hz

Grinding wheel | 48.8 Detail 525

feeding support

Contact stiffness | 82.5 Rigid supports (both) | 735

Grinding wheel | 194 Grinding wheel 1950

spindle

For the off-machine tests, a piezoelectric hammer was used to simulate the forced
pulses. Although any particular resonance is difficult to isolate, the strategic placement
of the accelerometer relatively isolated a particular component of resonant frequencies.

Figure 2a shows the vibration spectrum of grinding wheel feeding support, Fig. 2b
shows a logarithmic amplitude-frequency characteristic of grinding wheel feeding sup-
port, and Fig. 2c demonstrates the phase-frequency characteristic of grinding wheel
feeding support. Analyzing the vibrations, the resonance frequencies of the components
were estimated as shown in Table 1.

™ 000 25.00 5000 Hz 0 500 1000 1500 2000 Hz
a) b)

50C 1000 150¢ 2000 Hz

<)

Fig. 2. Results of experiments of machine vibration.

According to the results of research on this machine, an experimental logarithmic
amplitude-frequency characteristic was constructed (Fig. 3), and frequency response
was based on the mathematical model of the machine (Fig. 4).

The simulation was performed in the Matlab environment, as a result of the char-
acteristic equation, the logarithmic amplitude-frequency characteristics are shown in
Fig. 5, which are very similar to the graphs in Fig. 4. Since the linear model has inter-
nal connections, we changed the components individually to find their effect on the
amplitude-frequency characteristic. As can be seen from Fig. 4, only some of the reso-
nant frequencies dominate the dynamic characteristics of the machine. The resonance of
the machine bed and grinding wheel feed caliper were the main vibration components of
this machine [7]. The results may vary depending on the model of the machine, but the
general conclusion of dynamic stability for centerless mortise grinding on rigid supports
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Fig. 3. Frequency response equation of the mathematical model of the machine.

machine based on vibration parameters.

remains the same. The conclusion from the modeling shows that this machine can be
effectively modeled from the characteristic Eq. (14).

3.2 Analysis of the Dependence of the Dynamic Stability of the Machine
on the Geometry of the Adjustment of Rigid Supports

Since the exact mathematical solution is difficult, the value was found by the graphical
matching method. After constructing the hodograph of the movement of the machine in
the complex plane, as well as the hodograph of the movement of the mechanism of rigid
supports (the combined hodograph of the movement of waviness and regeneration), the
frequency and growth rate at which they coincide graphically were established. That is,
the graphic coincidence has reached the frequency and o values which are suitable for
both hodographs, and the dynamic root of the system has also been established.
Dynamic analysis is best done by finding the roots of the system because the roots
of the system fully characterize its stability. Based on the comparison of system roots
under different debugging conditions, a dynamic stability diagram based on debugging
conditions is developed. As it was established in [8], for any specific adjustment condi-
tion, the helix of the waviness displacement and regeneration hodograph for a specific
harmonic can be adjusted in size by changing the exponential growth rate ¢. The purpose
of this analysis was to select a certain frequency on the hodograph of the movement of
the machine and find the harmonic (the number of protrusions multiplied by the revolu-
tions of the part per second) that corresponds to it. Then, the value of o was adjusted to
the intersection of both hodographs on the complex plane. The final value of o could be
positive or negative depending on the particular harmonic, and the exact frequency was
adjusted to find a perfect match. To find the roots of the system, a numerical iteration
scheme was developed. For this, first of all, two displacement hodographs were built.
The values of o were varied over a small range to find the o that would minimize the
distance between the hodographs (zero distance would mean coincidence). Then, in the
periodically repeated simulation mode, the frequency and o of the hodographs are found.
Figure 5 shows how to determine the “root determinant” solution on the complex plane
for a particular harmonic under a given tuning condition. Here we found the root of the
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hodograph coincidence at a stable 0 = —0.014. This scheme was repeated for each of
the frequencies of possible matches over the entire range of debugging conditions.

Figure 6 shows the range of ¢ and the frequencies at which the hodographs coincide,
for a specific setting condition of the SWaAGL-50 machine built in the s zone.

Determinant of the harmonic root =896 S =-0014 wn =40 30
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0.7 rigid supports

Hodograph
machine

\ J =
| 2 °
12 4
\\ '-r/ 20 o
43 \ !
\ " | 19 °
14 \ | 218
\ | 5
>-15 | \ 2 -
g ’ 3 o
> -16 5‘6
s 215 °
= a7 E
El-l
18 13 o o
2

=
“7.10 05 00 05 10 15 20 25 30 35 40 45 50 55 60 006 -005 004 -003 -002 -001 000 001 002 003 004 005 006
Real Sigma

Fig. 5. Iterative “root determinant” scheme  Fig. 6. Characteristic of the roots for one
of frequency and sigma selection until both  setting condition of the machine.
hodographs converge in the complex plane.

Any negative o means that the vibration frequency will not grow exponentially, while
any positive o means unstable growth of the vibration. As can be seen, even and odd
frequencies follow stability trends. Even frequency numbers typically remained in the
stable range, while odd frequency numbers became unstable from > = 1to ﬂ =1.5,as
demonstrated in Fig. 7. As the system approaches instability, from about > =110 1.5,
each harmonic has a positive or negative dynamic growth rate. Therefore in Fig. 7, the
spiral has a positive growth rate.

4 Results and Discussion

Summarizing the obtained results, it can be stated that each resonant frequency of the
machine can create instability roots for the system, depending on the speed of the part.
Both indicators, such as the root of the maximum instability and the total sum of the roots
of instability can be used as a parametric estimate of the stability of any particular tuning
condition. High frequencies are often damped because the contact length of the grinding
wheel with the part is much greater than the effects of these frequencies, resulting in
increased stiffness characteristics of the machines. A higher damping of the machine
will reduce the size of the instability roots. In this way, better damping will provide better
characteristics of the machine regardless of the conditions of its adjustment. The result
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Fig. 7. Explanation of the phenomenon of frequency instability dominance over wj: the spiral
has a positive growth rate.

of the conducted analysis is the possibility of comparing different debugging conditions
from the point of view of the dynamic stability of the machine. The numerical root of the
simulations was found for a given machine, each summing up to a general conclusion:
that increasing ¢ and ¢, within a conventional centerless grinding setup geometry will
increase the dynamic stability of the system. Figure 8 shows a contour plot of the root
of the maximum instability for each tuning condition within a conventional centerless
grinding tuning geometry for a system with a resonant frequency of 100 Hz. Figure 9
shows the root sum for each debugging condition for the SWaAGL-50 machine.
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Fig. 8. Contour diagram of the root of

) . . Fig. 9. Contour plot of the total root sum of
maximum instability.

instability.

The appearance of both diagrams is very similar in that smaller values of ¢ and ¢»
tend to be more unstable than larger values. One notable exception is for the immediate
region near ¢ = 180°, which is usually unstable regardless of the value of ¢;. These
simulations were performed for machines with different resonant frequencies, with each
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result varying slightly in detail. Still, all support the common conclusion presented in
Fig. 10, where the darker zones are more unstable than the lighter zones. The general
trends proposed by the authors were experimentally confirmed.

170

165

160

155

150

30 40 50 60 70 80 90 100
Angle ¢:

Fig. 10. The main trends of dynamic stability during centerless mortise grinding on rigid supports
(the darker the area, the worse dynamic stability it represents).

The conducted research is designed to test theoretical assumptions. A SWaAGL-50
centerless mortise grinding machine on rigid supports was used for this. All grinding
variables (speeds, feeds, etc.) were kept constant throughout these studies, except for
the two rigid support angles, ¢ and ¢».

Changes in the angles ¢; and ¢, were made using two mechanisms for adjusting
the position of rigid supports. In each position, the rigid supports, which are fixed in
place with the help of micrometric screws, ensure positioning stability with an accuracy
of 0.25°. For all geometric studies, the part speed was chosen low enough to provide
the necessary contact length with the grinding wheel to filter out the machine resonance
around 800 Hz. Still, in the vibration growth studies, the part speed was doubled so that
this source of vibration was not filtered out.

The confirmed trend is that increasing the angles ¢ or ¢, within the normal setup
geometry of centerless grinding leads to an increase in the dynamic stability of the MTP
system. This trend coincides with theoretical assumptions, which confirm the correlation
between the setup geometry and the waviness parameters of the details.

5 Conclusions

Based on the conducted experiments of the MTP system of the SWaAGL-50 machine and
the mathematical model and dynamics diagram, it was proven that the vibration of the
machine affects the final accuracy of the manufactured part in three ways: 1. The static
stiffness of the machine affects the accuracy of the dimensions of the part of the grinding
forces excites oscillations in the machine and leads to erroneous dimensional feedback; 2.
The geometric effect of setting up rigid supports is strengthened or weakened depending
on the low resonant frequencies of the machine; 3. Higher frequency resonances of the
machine generate high-frequency irregularities on the part’s surface, separately from the
geometric regeneration mechanism.
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Grinding machines consist of separate components, each of which resonates at one
or more separate frequencies. Each resonant frequency of the machine can create the
root of instability for the system, depending on the speed of the part. Both indicators,
such as the root of the maximum instability and the total sum of the roots of instability,
are used as a parametric estimate of the stability of any particular debugging condition.
High frequencies are often damped because the contact length of the grinding wheel
with the part is much greater than the effects of these frequencies, resulting in increased
stiffness characteristics of the machines. Increasing the damping of the machine reduces
the magnitude of the roots of instability, arguing that better damping will provide better
machine performance regardless of setup conditions. An increase in the angles of rigid
supports ¢ and ¢, within the normal configuration geometry of centerless grinding
increases the dynamic stability of the system. One notable exception is for the immediate
region near ¢, = 180°, which is usually unstable regardless of the value of ¢;.
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