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Abstract. The formation of corrugation of the working surfaces of bearing parts 

is associated with fluctuations in the size of the cut layer of metal and changes 

in the components of the cutting force. Laplace operators were used to model-

ing the centerless grinding system, on the basis of which the transfer function 

and the characteristic equation were constructed. It was found that the for-

mation of waviness depends on the position of the hodograph of the movement 

of the vector of the center of the part in the complex plane, which in turn de-

pends on the geometric parameters of the rigid supports of the centerless grind-

er machine. This makes it possible on the basis of hodographs and the angular 

orientation of their asymptotes to determine the geometric stability of the pro-

cess depending on the angles of adjustment of the rigid supports of the grinder 

machine. To confirm the correctness of the hypotheses, two methodological ap-

proaches were used: multiplication of hodographs of wave and regeneration 

displacement and coincidence of the combined hodograph of regeneration and 

waviness displacement mechanisms with the hodograph of infinitely rigid ma-

chine displacement. The diagrams which allow choosing geometry of adjust-

ment of rigid support that allows to increase or decrease parameters of certain 

harmonics are developed. The three-dimensional diagram allows you to set the 

local minima, which are characterized by acceptable geometric conditions of 

adjustment, providing regulated waviness of the working surfaces of bearing 

parts. 
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1 Introduction 

During the manufacture of detail of roller bearings, the quality of treated rolling sur-

faces is important [1]. When grinding the functional rolling surfaces of roller bearing 

rings, it is necessary to ensure rapid removal of allowance and high processing per-

formance, the final macro-and micro geometric accuracy of the treated surface, com-
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pliance with physical and mechanical requirements [2]. The size of the cut layer dur-

ing grinding is proportional to the normal grinding force [3]. The formation of the 

waviness of the details is caused by deviations in the size of the cut layer or changes 

in the grinding force [4]. Surface roughness depends on the material of the part and 

the grinding wheel, the productivity of the allowance removal, and the relative speed 

between the part and the grinding wheel. The main variable for the analysis of the 

machining process is the grinding force [5]. 

The scheme of the dynamic model, which was used to predict both static (geomet-

ric) and dynamic stability of the process of centerless grinding on rigid supports is 

shown in Fig. 1. 

 

Fig. 1. Scheme of a dynamic model for predicting the stability of the centerless grinding 

 

 

During the study of the centerless grinding process, the tangential force vectors of 

supports A and B were not taken into account, since they have small values and do not 

significantly affect the modeling. The components of the grinding forces Fn, Ft  taking 

into account the force FG arising from the weight of the part and the force FM from 

magnetic retention, form the formation of force vectors of the reactions of the sup-

ports FA, FB which is necessary to ensure the static balance of the grinding system. 

As can be seen from Fig. 1 the center of the part is shifted relative to the center of 

the support by a small amount (∆X; ∆Y). This is done to ensure permanent contact 

with the supports of the part. One of the main parameters of the centerless grinding 

process that can be controlled is the angles of inclination of the supports (φ1 and φ2). 

That is why production requires recommendations for choosing the value of the 

angles of the supports and thanks to this obtaining the final regulated harmonics. 
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However, such recommendations require research and scientific justification of their 

results [6]. 

2 Literature Review 

To research the grinding processes, there are mathematical models used by Laplace 

operators to analyze the centerless grinding system [7]. The research of the transfer 

function and the solution of the characteristic equation is carried out using graph-

analytical methods. The formation of waviness depends on the position of the hodo-

graph of the movement of the vector of the center of the detail in the complex plane, 

which in turn depends on the geometric parameters of the rigid supports of the grinder 

machine [8]. Adjustment angles φ1 or φ2 have a direct effect on the normal component 

of grinding force, depth of cutting, stability in the cutting zone, and, as a consequence, 

on the harmonics of the newly formed waviness of bearing details [9]. 

In the Laplace region, multiplication is required to combine the mechanism of 

waviness and the mechanism of regeneration [10]. For graphical analysis, the mecha-

nism of the combined effect is determined by multiplying the vector by the corre-

sponding value of s = σ + jn. In this case, the coordinate origin vector for both ripple 

and regeneration mechanisms is at the same frequency and σ (here, σ = 0). In vector 

multiplication, the values of each vector are multiplied and angles from the positive 

real axis are added. For example, Fig. 2, and shows the multiplication of the vector at 

a frequency of n = 7.5. The waveform has a magnitude of 2 and an angle of -45°, and 

the regeneration vector has a magnitude of 3 and an angle of 120°. The combined 

vector for this condition is shown in Fig. 2, b where the value of n = 7.5 is the vector 

6 (2, 3) and the angle is 75° (120° + (-45°). The part of the hodograph of the harmonic 

vector 6 to 8 shows the general picture of the combined hodograph of the vector for 

different harmonics and conditions set up [11]. 

 

Fig. 2. Vector multiplication scheme (a) and combined hodograph of the vector from 6 to 8 

harmonics (b) 

Elements of the sample of the combined operation of the hodograph mechanism from 

the 2nd to the 10th harmonic under a specific debugging condition [12, 13]. These 
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forms of hodograph hyperbola are concentrated around a point (-0.5; 0) in the com-

plex plane and have infinite asymptotes covering the range from 0° to 360° (Fig. 3). 

 

Fig. 3. Tendencies of the asymptotic angle of the combined displacement hodograph when 

changing the harmonic (a) and when changing the angle of the rear support (b) 

Asymptotes have imaginary components, starting with positive infinity for integers 

numbered harmonics (5,000, 6,000, etc.) and ending with negative infinity for num-

bers of smaller integers (5,999, 6,999, etc.). It is established that the most variable for 

these hodographs is the angular orientation of the asymptotes. This confirms that the 

asymptotes around 0 ° mean the geometric instability of the process. 

3 Research Methodology 

We will perform an analysis of the change in harmonics of waviness depending on the 

geometry of the setup of rigid supports (Fig. 3, a). In the asymptotes, there is a ten-

dency to increase by 2.5° per harmonic with even and odd, grouping together at a 

value ≈ 180° from each other. In Fig. 3, b shows the trends of the asymptotes of the 

angles with a change in the angle φ2 for some harmonics if the angle of the front sup-

port is constant, φ1 = 55°. This graph shows a decrease in the asymptote of the angle if 

φ2 is increased, it is also possible to observe even and odd, whole, and next-to-whole 

asymptotes of angles that are ≈ 180° apart from each other. Since the asymptotes of 

angles are clear arrays, we need the interpretation of angles to explain the geometry of 

centerless grinding processes. 

The study proposes to use two methodologies. The first is the procedure of multi-

plication of hodographs of waviness displacement and regeneration. The second is in 

the analysis of the graphic coincidence of the combined hodograph of regeneration 

and waviness movement mechanisms with the hodograph of infinitely rigid machine 

movement [14, 15]. The analysis showed that the displacement hodograph has a nega-

tive real part, so the mechanism of the waviness effect on the process is unstable [16]. 

At the same time, the angle of such hodograph movement of the waviness mechanism 
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will acquire a value greater than 90° or less than -90° from the positive real axis. 

Since the hodograph of the movement of the regeneration mechanism is in a certain 

area, the angle of the hodograph will be similar at a given frequency. If the waviness 

and regeneration mechanisms coincide at a certain frequency (geometric angles are 

compensated), the combined displacement hodograph forms a hyperbola with an as-

ymptote of 0° (-360°). Such a compensation mechanism indicates the geometric in-

stability of the asymptotes for some harmonics [17]. For an infinitely rigid machine, 

the hodograph of displacement in the complex plane is located at the point at the 

origin of the coordinates. At the same time, the hodograph of waviness movement and 

regeneration enters the area around the point (-0.5; 0). The displacement hodographs, 

which have an asymptote near 0°, usually intersect with the machine displacement 

hodograph. The fact that the results fall in the system of the process mechanism corre-

sponding to the interaction for this indicated frequency of the ripple allows the growth 

of this harmonic due to instability in the processing zone. The given interpretation 

involves the use of an infinitely rigid machine, which is why the study points to the 

geometric instability of the waviness frequency, which consists of a vector coinci-

dence in the complex plane. It has been established that the asymptote angles largely 

depend on the number of harmonics and the geometry of tuning angles, so it allows 

predicting which harmonics will be unstable in a given range of tuning angles. If a 

certain angle of the asymptote of one harmonic is changed and investigated during the 

full complex of tuning geometry, it is observed that the theoretical geometric instabil-

ity of the specified number of harmonics will be manifested if the angle of the asymp-

tote is a multiple of the value in radians - 2π. In the course of the research, a contour 

diagram of the asymptote angle was obtained, and 14 harmonics were studied within 

the standard geometry of centerless grinding on rigid supports (Fig. 4). 

 

Fig. 4. Contour diagram of asymptote angles in radians for the 14th harmonic within the typical 

geometry of centerless grinding 

The angular shift from 2π to 0 radians leads to a high density of contours allows you 

to easily see places where the asymptotes are multiples of 2π. This graph shows that 

the 14th harmonic is theoretically unstable at φ1 = 52°, 78° and φ2 = 143°, 168°. Alt-

hough only one line in each of these regions will be exactly 0°, instability ripples are 
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common for harmonics whose numbers are away from the whole due to a phase shift 

in the regeneration of waviness regeneration during grinding. Therefore, it is best to 

look only at the general region, where the whole harmonic is unstable. For example, 

in Fig. 4 you can draw an ellipse around each of the areas of the concentrated contour 

lines to represent the main zones where 14th harmonics are theoretically unstable.  

During the research, results were obtained that made it possible to construct a dia-

gram of the geometric instability of the waviness for a certain range of harmonics 

(2...22) for the standard conditions of the geometry of the grinding process adjustment 

based on the asymptote angles. The diagram confirms that the vast majority of com-

binations during adjustment of the angles of rigid supports are in the region of geo-

metric instability and the instability of harmonics corresponds to a certain array of 

values. For example, consider the 12th harmonic, which is geometrically unstable in 

the region of φ1 = 60° and φ2 = 165°, the 14th harmonic is geometrically unstable in 

the region above and to the left near the values of φ1 = 52° and φ2 = 168°. 

This diagram allows you to select the geometry of the adjustment of grinding on 

rigid supports, which increases or decreases the parameters of a particular harmonic. 

 

Fig. 5. The geometric instability wave diagram is constructed using angular analysis of the 

combined displacement hodograph at the stability limit within the typical debug geometry 

Analysis of Fig. 5 makes it possible with high probability to predict the geometric 

instability in the cutting zone during grinding, thereby predicting the growth or reduc-

tion of a harmonic ripple. 

4 Results 

4.1 Impact diagram based on angular analysis of the hodograph 

When the combined hodograph of the displacement and regeneration mechanisms for 

any harmonic had an asymptote at 0°, this harmonic was geometrically unstable. The 

angles of the asymptotes followed the main trends depending on the conditions of 
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adjustment of the machine. Given this fact, it is fair to assume that the closer the angle 

of the asymptote to 0°, the less stable the harmonic becomes.  

The summary diagram is defined as an indicator of the degree of instability as a 

whole for each debugging condition. When performing this action, there is a need for 

a parameter that would be proportional to the angle of the asymptote, and angles 

around 0 or 2π should have a significant effect on it and angles far from 0 or 2π have 

little effect. The cosine function satisfies the established requirements. If we take the 

values of the cosines of the radians shown in Fig. 4, the results diagram suggests a 

relative level of instability for 14th harmonics under different debugging conditions. 

In this diagram (Fig. 6), contours with levels close to zero (0.1, 0.2) are much more 

stable than levels around 1.0. 

 

Fig. 6. Contour diagram of cosines of asymptote angles for the 14th harmonic within the typical 

geometry of centerless grinding 

If the perform analysis is similar to Fig. 6 for each harmonic from 2 to 30 within the 

usual geometry of the centerless grinding, we obtain a general diagram of the results 

of geometric stability, which is shown in Fig. 7. 

 

Fig. 7. Contour diagram of all cosines of asymptote angles from 2 to 30th harmonics within the 

typical geometry of centerless grinding 
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4.2 Nonzero sigma, impact diagram based on hodograph diameter analysis 

If we analyze the combined hodograph of undulating displacement and regeneration 

with non-zero growth rate, σ, its graphical representation changes dramatically. Non-

zero σ changes the hodograph of regeneration movement from a straight line to a 

circle. For a positive σ, the circles are centered closer to the point (-1; 0), while the 

negative σ forms circles centered around the origin (0; 0). The size of the hodograph 

responds faster than the exponential function, so that only at the slightest change in 

the value of σ does it significantly change the appearance of the combined hodograph 

of waviness displacement and regeneration.  

Figure 8 shows a combined hodograph of waviness displacement and regeneration 

with different positive σ from 6,000 to 7,999 harmonics under a given debugging 

condition. Thus, the hyperbola rotates around itself forming cyclic spirals. As the 

sigma value increases, the size of the spirals decreases. With an absolute increase in 

the sigma, the size of the spirals decreases. 

 

Fig. 8. Scheme of change of the combined hodograph of movement in a spiral at +sigma (a) 

and at -sigma (b) 

An infinitely rigid machine in the complex plane is the point at the origin. When the 

hodograph of the movement of the waviness and regeneration intersects with the hod-

ograph of the movement of this machine, the result is a geometric instability in the 

grinding zone. If a certain spiral intersects with the hodograph of the machine move-

ment, it should be small enough to be near the origin. Therefore, any value of σ that 

can make the spiral small enough to intersect with the hodograph of the machine 

movement will form individual harmonics of unstable level. That is, if one helix is 

large compared to another at a certain σ, it is clear that a larger helix will need a larger 

σ to become small enough to intersect with the hodograph of machine movement. On 

the other hand, the best condition for grinding will be the result of the debugging 

condition, the spirals of which form a very small instability (small σ) intersecting with 

the hodograph of the machine movement. Based on this analysis, the debugging con-
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dition with large spirals is less desirable than the debugging condition with smaller 

spirals at a certain unstable σ. 

Using these features, an estimate of the geometric stability of the grinder is ob-

tained, based on the size of the combined hodograph of waviness displacement and 

regeneration at constant, nonzero σ. If we consider in the complex plane of the spiral 

of all harmonics under all debugging conditions with some non-constant σ, the total 

size of the spirals will be proportional to the instability under each debugging condi-

tion. Figure 9 illustrates the sum of the total size of the spirals from 2 to 30th harmon-

ics for each debugging condition within the normal geometry of debugging centerless 

grinding. 

 

Fig. 9. Three-dimensional diagram of the total size of the combined displacement hodograph 

for 2…30th harmonics 

A three-dimensional diagram is shown for conceptual interpretation of research re-

sults. 

5 Conclusions 

So, as a result of the conducted research, it was established that the characteristics of 

the waviness of the working surfaces of the roller bearing rings are influenced by the 

geometry of the setup of rigid supports during centerless grinding. It is shown that 

different support angles during processing have different effects on the harmonics of 

the waviness of the working surfaces of roller bearings. 

The mechanism of waviness on the surface of the part in the process of centerless 

mortise grinding depends on a number of additional factors (characteristics of the 
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grinding wheel, machine vibration, grinding force, initial and time-varying waviness 

of the part), which must be considered to ensure stable quality. 

The stability of the centerless grinding process is influenced by the geometry of the 

rigid supports. This is shown by the corresponding diagrams. In particular, on the 

influence diagram based on the angular analysis of the hodograph, provided that the 

system finds a stability limit σ = 0, lower values of the adjustment angles φ1 and φ2 

lead to greater geometric stability. 

In the impact diagram based on the angular analysis of the hodograph, under some 

level of system instability, it is also observed that smaller adjustment angles φ1 and φ2 

provide greater geometric stability and should lead to improved surface roughness on 

a dynamically stable machine. In particular, there is a constant local depression about 

φ2 = 173° (γ = 7°), which may be the most optimal condition for centerless grinding. 

There are several local minima in the diagram, which indicate the presence of several 

acceptable geometric debugging conditions that provide regulated waviness of the 

detail. 

If the machine is dynamically stable from the point of view of vibration, then ac-

cording to the general diagram of geometric stability it is possible to predict trends of 

final parameters of waviness on the basis of geometry of adjustment of rigid supports 

at centerless mortise grinding. The results of this study create the preconditions for 

controlling the parameters of the waviness of bearing detail, it will stabilize bearing 

parameters such as noise and vibration. 
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