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Abstract— This study presents a comparative experimental
and modeling analysis of the impingement spray characteristics
of gasoline and ethanol using a high-pressure gasoline direct
injection (GDI) injector. We develop Lyapunov-based
approach to estimate key spray characteristics including
rebound height with aid of MATLAB-based experimental data
processing algorithms, both qualitative and quantitative
assessments are provided, as well as a forecast of the state of
these characteristics in future time intervals. We present a
combined experimental and modeling approach for analyze the
impingement spray behavior of gasoline and ethanol using a
GDI injector taking into account base experimental results
obtained in [3] where macroscopic properties were investigated
via high-speed Schlieren imaging and Phase Doppler Particle
Analysis (PDPA) across injection pressures ranging from 10 to
50 MPa. Data-driven modeling was supported by MATLAB-
based polynomial curve fitting and system identification
techniques. Key findings reveal that gasoline exhibits superior
spray penetration and atomization compared to ethanol,
particularly at ultra-high pressures. This suggests that gasoline
atomization could significantly enhance combustion efficiency
and emissions reduction in GDI engines.

. INTRODUCTION

The escalating global demand for sustainable energy
sources has intensified research into renewable alternatives to
fossil fuels. Bioethanol emerges as a promising candidate,
capable of being blended with conventional gasoline to
reduce petroleum dependency, minimize greenhouse gas
emissions, and improve energy security. Its favorable
combustion properties, high oxygen content, and renewability
have led to increasing integration into automotive engines,
particularly in Gasoline Direct Injection (GDI) systems [1].
Understanding the spray characteristics of alternative fuels
such as ethanol under varying injection pressures is crucial to
optimizing combustion, enhancing thermal efficiency, and
minimizing emissions. Fuel spray behavior significantly
affects the air—fuel mixture formation, influencing ignition,
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combustion quality, and pollutant formation. Our earlier
investigations have shown that ethanol spray differs from
gasoline in terms of atomization and droplet behavior,
particularly under high injection pressures. For example, we
demonstrated that ethanol yields finer droplets and more
symmetric spray structures than gasoline at pressures up to
60 MPa, leading to better vaporization and potentially lower
soot formation [2,3]. Further work has focused on both
macroscopic and microscopic characteristics of ethanol and
gasoline sprays in impingement configurations, showing that
ethanol generally exhibits narrower cone angles and reduced
wall wetting [4]. In another study, we employed high-speed
Schlieren imaging and Phase Doppler Particle Analysis
(PDPA) to analyze ethanol and gasoline sprays at up to 50
MPa, uncovering ubstantial differences in Sauter Mean
Diameter (SMD), droplet velocity, and axial penetration [5].
We also explored the impact of flash boiling injection on
butanol and ethanol spray dynamics, highlighting
improvements in spray collapse and fuel-air mixing [6,7].

Therefore, in this paper, we continue our previous
research concerning the comparison of different types of
fuels, building upon our earlier work on the comparative
investigation of the macroscopic and microscopic
characteristics of impingement spray of gasoline and ethanol
from a Gasoline Direct Injection (GDI) injector under
injection pressure up to 50 MPa [3,4]. In parallel to
experimental work, our group has contributed to the
modeling of these complex spray and combustion
phenomena. One focus has been the application of switched
dynamical system theory to combustion modeling suitable for
modeling processes such as mode transitions between fuels,
injection timing, and ignition control [8]. State estimations
are based on Lyapunov-based approach, it have been
employed to ensure sate estimations, stability and robustness
[9-15], this framework is relevant in automotive combustion
applications.

In this work, we present a combined experimental and
theoretical investigation of ethanol and gasoline spray
dynamics in a GDI system operating under injection
pressures up to 50 MPa. A switched linear system model is
proposed, and a multiple Lyapunov function approach is used
to estimate the system response at a final time from the initial
condition. The model predictions are validated against
Schlieren and PDPA experimental data. The results not only
confirm the consistency of the modeling approach but also
provide insights into control strategies for stable and efficient
combustion with alternative fuels. This study builds upon and
synthesizes our earlier work in spray diagnostics and hybrid
system modeling, contributing to the development of cleaner
and more efficient GDI combustion technologies.
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Il. EXPERIMENTAL SETUP AND METHOD

A. Macroscopic Spray Analysis

A five-hole Gasoline Direct Injection (GDI) injector from
a dual-injection spark-ignition (SI) engine was utilized in this
study. The test fuels included commercial-grade gasoline and

absolute ethanol.
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Figure 1. Experimental setup of macroscopic spray

Injection pressures of 10 MPa, 30 MPa, and 50 MPa were
examined. Spray development was visualized using a high-
speed Schlieren imaging system operating at 10,000 frames
per second with a resolution of 768 x 768 pixels. The spray
was directed toward a flat aluminum impingement plate
positioned 33 mm downstream of the injector tip. The five
spray jets were labeled Jet 1 through Jet 5. Jet 1 impinged on
the wall at an inclined angle, while Jets 2-5 impacted
perpendicularly. Key spray characteristics—including
rebound height (HN, HF), lateral diffusion distance (DN,
DF), spray area (AS), and pressure-time dynamics—were
quantified through MATLAB-based image processing
algorithms. Each experimental condition was repeated 30
times to ensure statistical reliability. Ambient conditions
were controlled at 293 + 0.5 K and atmospheric pressure (0.1
MPa). An air extraction system was employed to maintain
safety and prevent accumulation of fuel vapors during
testing.
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Figure 2. Determination of parameters of macroscopic spray

To investigate the macroscopic characteristics of gasoline
and ethanol impingement sprays, a comprehensive
experimental setup incorporating a Phase Doppler Particle
Analyzer (PDPA) system was employed, as illustrated in Fig.
2. Each operating condition was repeated 30 times to ensure
statistical robustness. The injector was mounted in a

configuration mimicking a side-mounted orientation typically
found in internal combustion engines. In this setup, Jets 2
through 5 impinged perpendicularly on the wall surface,
whereas Jet 1 impacted at an oblique angle. The impingement
surface was positioned 33 mm from the injector tip. The
macroscopic evolution of the spray was evaluated using key
parameters, including: Hy, Hg: near- and far-side rebound
heights; Dy, Dg: lateral diffusion distances; AS: spray
impingement area. These metrics enabled a detailed analysis
of spray behavior under various fuel types and injection
conditions, forming the basis for comparative evaluation and
model validation.

B. Microscopic Spray Analysis

A PDPA system with a 1.3 W argon-ion laser and 180
MHz processor was used to analyze droplet sizes and
velocities.
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Figure 3. Determination of parameters of microscopic spray

Measurement points A and B were placed 4 mm above
the wall. Key parameters included droplet diameter (Dd),
Sauter mean diameter (DSMD), normal and tangential
velocities (VN, VT), and their probability distributions.
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Figure 4. Experimental setup overview.

At least 20,000 valid droplet measurements were
collected per condition, with three repeated trials for each
setup. More information could be found in the paper [3]. The
Fig. 4 represents the overview of macroscopic and
microscopic spray.

I1l. RESEARCH METHODOLOGY

In this section we use tools of quadratic multiple
Lyapunov functions for obtain estimation of solution.
Therefore we analyze a switched system composed of



several linear subsystems, each active over finite time
intervals., T, =[t_.t], i=LN. The moments of time
t,t,,...,t,..,t, are called switching moments. Such

switched system can be written as a family of systems which
are described by

%(t)=Ax(t), i=LN, t=0 1)
where x(t)eR", A - constant matrices. For solutions
X = X(X,,t) the continuity condition

ﬂmxm—9=£gxm+gj=fﬁ )

holds at switching moments. It is known that for the linear
system with constant coefficients
X(t) = AX(t), x(t) eR", t>0

Figure 5. View of Lyapunov Function

A general solution is X(x,,t)=e"x, where matrix

exponential has the form
2 k

e = | +A£+A2t—+---+A"t—+---
1! 2! k!

And the solution of the system can be estimated with the
use of the Lyapunov function, which has a quadratic form
V(X,t) =X X = (e"“x)T (e"“x) ,
or V(xt)=x"H({t)x, H{t)=e*'e™. This Lyapunov
function describes the evolution the most exactly. The space
V(x,t) <« is a middle of ellipse which goes out from the

neighbourhood | x,|<ea  but changes along the
solutions x = x(x,,t). The multiple Lyapunov functions of
the switched system are shown on Fig. 5.

Theorem 1. Let the initial state of the switched system (1)
satisfy the condition | x(0) |< & . Then at t =t,, inequality

o

At

holds, where H, (t)=e " ¢ 4e A4 j 1N t, =0.

Ix(ty —0)[< (4)

Proof. For the first time interval of evolution we have:

X(t) = Ax(t), x(t)eR", t,<t<t, t,=0. (5)

We select the Lyapunov function as
V(x,t) =X"H, (t)x, H,(t)=e"'e™
under the condition
Zain[HL @11 X(@) <V, (X(0), 1) < A [H, O XE) P

The derivative of V,(x,t) for the subsystem (5) yields

d

a .

+X' (t)% H, (t)x(t) +x" t)H,t)x(t) =0

Y, (x(0), 1) = X" (OH, (D)X (1) +

Therefore, at arbitraryt : 0<t <t, Lyapunov function:
V, (x(t),t) =V, (x(0),0) =const, 0<t<t,.
We get
Ain [Hy (& = O)]|x(&, ~O)]* <V (x(t, ~0),t, ~0) =
=V,(X(0),0) < A, [H; (O] X =|x@)f
And for the first time interval we get inequality
Coyie 1XO)]
N A
We consider the second time interval, and the subsystem
X(t) = Ax(t), x@®)eR", t, <t<t,. (6)
The Lyapunov function has a form
V, (1) = X"H, (t)x, H,(t)=e e htt)
The bilateral inequality
A [H 1 X(0) <V, (x(0),1) < A [H, O x(0)
The derivative of function V,(x,t) for subsystem (6) is
d
dt
And V,(x(t),t) =V, (x (t, +0),t, +0) =const, t, <t <t,.
We have
ﬂ’min [Hz (tz - 0)] | X(tz _0) IZSVZ(X(tZ _O)!tz _O) =
=V, (x(t, +0),t, +0) <
< A [H, (4 + 0)] | X(t, +0) =] x(t, +0) [
And for the second time interval we get
|x(t, +0)|

\A/lmin [Hz(tz)] l

Using the continuity of the state at t;
Lyapunov functions of successive intervals

| x(0) |
\/ﬂmin [H 2 (t2 )]ﬂ’min [Hl (t1)]
holds at the switched moment. Continuing the process
farther, we get the estimation:

V,(x(t),t) =0, t, <t<t,,

x(t, —0)| <

we relate the

|X2(t2 _O) |S

|x(0)|

Tt

concluding the proof of Theorem 1.

| Xy (tN _0) |S (7)

The results of research into the monitoring of the state of
the macroscopic characteristics of gasoline and ethanol



impingement sprays, make it possible to justify the
requirements for functional characteristics of the system
using mathematical modeling methods.

IV. MAIN RESULTS

A. Polynomial modelingof the system

Using the available MatLab tools we calculate the values
needed. For predicting the behavior of parameters, we make
mathematical modeling using MatLab appropriate tools. On
the following figures, the plotting of the datasets is
presented. The data frame of daily time is [0-24] hours. We
make fit in curve of the loaded data using the appropriate
Curve Fitting Toolbox. We use polynomial for interpolation
and characterize data using a global fit to obtain a simple
empirical model. The main advantage of selected
polynomial fit is reasonable flexibility for data that is not too
complicated. Analyzing the datasets obtained in [3] we
obtain resulting linear model which is a polynomial of the
degree 3 in a following form

f(X) = prx° + p ¢ + pa*x + .
Experiment 1.

At this experiment for the 10-E data the coefficients are
calculated with 95 percents of confidence bounds:
Coefficients: p;=0.31 (-0.7978, 1.435); p,=-3.63 (-10.71,
3.432); p;=7.23 (2.81, 31.64); p,=-8.96 (-18.38, 0.4533) .

The goodness of the fit are defined by SSE: 1.1527;
RSQUARE: 0.9951; DFE: 14; ADJRSQUARE: 0.9940;
RMSE: 0.2869.

Experiment 2.

At this experiment for the 10-G data the coefficients (with
95% confidence bounds) are: p; = 0.5326 (-0.3249, 1.39);
p2 =-5.562 (-10.99, -0.1322); ps = 22.42 (11.35, 33.5);

ps =-12.73 (-19.96, -5.495).

The GOF is defined by SSE: 0.6800; RSQUARE:

0.9972; DFE: 14; ADJRSQUARE: 0.9966; RMSE: .2204
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Figure 6. Evolution of data and fitted curve of experiments 1 and 2.

Experiment 3.

At this experiment for the 30-E data the coefficients are
calculated with 95 percents of confidence bounds: p; =
1.413 (0.8477, 1.979); p, = -10.58 (-13.82, -7.35); p; =
31.49 (25.69, 37.29); ps=-12.4 (-15.62, -9.185).

GOF is defined by SSE: 1.5351; RSQUARE:
0.9975; DFE: 18; ADJRSQUARE: 0.9971;

RMSE: 0.2920.

Experiment 4.

At this experiment for the 30-G data the coefficients are
calculated with 95 percents of confidence bounds: p;=
0.3592 (-0.3218, 1.04); p, = -4.643 (-8.538, -0.7468);
ps =21.18 (14.2, 28.17); p,=-6.502 (-10.38, -2.628).

GOF is defined by SSE: 2.2268; RSQUARE:

0.9964, DFE: 18; ADJRSQUARE: 0.9958;
RMSE: 0.3517.
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Figure 7. Evolution of data and fitted curve of experiments 3 and 4.

Experiment 5.

At this experiment for 50-E, 50-G data the coefficients
are calculated with 95 percents of confidence bounds: p; =
2.111 (1.403, 2.82); p,=-14.56 (-18.51, -10.62); ps = 38.11
(31.28, 44.94); ps =-13.09 (-16.7, -9.485). GOF is defined by

SSE: 3.4443; RSQUARE: 0.9953; DFE: 19;
ADJRSQUARE: 0.9945; RMSE: 0.4258.
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Figure 8. Evolution of data and fitted curve of experiment 5.

B. System Identification

We make the estimation data using System Identification
Toolbox of MatLab by using state-space model, polynomial
models, nonlinear models.

1) Nonlinear Model.

The data was estimated by using the MatLab Toolbox
System ldentification with Hammerstein-Wiener nonlinear
model. Then we obtain a nonlinear model with nonlinearity
as piecewise linear. We obtain the following model
parameters:



e Estimation data with 23 samples.

o Input nonlinearity: piecewise linear with 10 units and
unspecified break points.

o Results: Final prediction error (FPE): 77.74, Loss
function: 15.03; Fit to working data: 80.67%.

The nonlinear model facilitates estimation of nonlinear
black box models as Hammerstein-Wiener models. It
operates on working data in the System Identification
Toolbox to perform the estimation.

2) State space model.

Continuous terms were identified using linear state-space

model:

% = Ax(t) + Bult) 4+ Ke(t)

y(&) = Cx(t) +e(t) €= (422 —0.92)

4= (%0 G2 m=(32) k=(33)

The plots show the simulated (predicted) outputs of
obtained model. The models are fed with inputs from the
validation data set, whose output is plotted in black. FPE
estimates how well a model, trained on a finite data set, will
predict future data. The precise definition of the fit is:

Fit = [1 — Norm*(Y - Yhat)/Norm*(Y -mean(Y))]*100,

where Y is the measured output Yhat is the
simulated/predicted model output.
The Hammerstein-Wiener Nonlinear Model has the

following accuracy and simulation parameters: Fit: 80.67%,
FPE: 77.74; and the state space model has: Fit: 90.02%,
FPE: 0.8174
3) Discrete-time ARX model.
Discrete-time ARX model that we obtain is the following:
A@2)y()=B(z)u(t)+e(t)
A(z)=1-1.119z"+3.0172%+1.831z%-4.8747"*

Measured and simulated model output

Nonlinear model
Polinomial model
— State-space model
Real data

Data and models

| i i i

Q 5 10 15 20 25
Time

Figure 9. Comparison of various models

This model demonstrates best overall performance with
used polynomial order na=4, nb=4, nk=1, Fit: 94.7%, FPE:
0.1503. The comparison results of these 3 methods and the
real experimental data are presented on Fig. The fitting
quality are: 92.62% for the Polynomial Models tool result;
87.29% for the state-space model; 80.67% for the obtained
nonlinear model. For the dynamic simulation of SS-model
we use MATLAB environment and solver ode45. Besides
the Control System Toolbox was used to solve the
appropriate Riccati equations. With aid of MATLAB

function care the solution X of the relative Riccati equation
was obtained.

Measured and simulated model output
T

BestFit = 87.29%

Model
Real data

i i i
0 5 10 16 20 25
Time

Figure 10. SS-model

Using care-algorithm the solution has been obtaibed by
choosing the weighting matrices R and Q . The system state
has to be evaluated by control inputs center and then it sets
the control gain matrix parameters. The obtained simulation
experimental results are presented in the following section.

V. EXPERIMENTAL VALIDATION

In this section we find the estimation of rebound height
HF characteristic with aid of obtained dynamical system
solution with a time-switch controller described by linear
subsystem. Using the estimations for separate subsystems,
which are obtained with the method of Lyapunov functions,
and using the continuity condition of solution at the
switching moments, we get the estimation of the origin
switched system solution at the final moment depending on
initial state. Using the Lyapunov function of quadratic form
with matrix exponential the estimations of solution are
obtained. For the known matrices

0.07 0.17 1.05
A: 1 B:
-0.1 -121 -8.49
0001 O
. R=[20]
0 01

And as a result we obtain the stabilized control gain
K =[-1.4113, -0.2046], u;= -38.8719, u,= 314.3068. The
simulation results are presented on Fig.11. Using the Rikkati
equations we obtain the stabilized system:

{ 1.4146 0.3522}

we choose the matrices: Q ={

' 1-109721 -2.6831
State estimations and prediction are the following:
V(x,t) = X"H, (t)x, H,({t)=e"'e™

x(0
1t -0y < ——XOL_
Z’min[Hl(tl)]
We calculate:
1. For the time interval (ti_to)zl we obtain

Juin[Hy(t)] = 0.49 . If the initial deviation is |x(0) = 26; The

calculated estimation is:

26
t,)=— =37.14- The
)= 22

appropriate Lyapunov function id presented on Fig.11.
2. At the initial deviation is ‘x(o] = 26, for the time interval

(t,—t,)=1.5 we calculate 4, [H,(t)]=0.3.
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Fig.12. Lyapunov function for the (t1 —to) =15.

State estimations and prediction are the following:

\XZ(IJ - 26 — 48.14 - The appropriate Lyapunov function
.54

is presented on Fig.12. Obtaining the state estimations gives
us key spray characteristics including rebound height HF,
were quantified through MATLAB-based experimental data
processing algorithms. At the same time, both qualitative
and quantitative assessments are provided, as well as a
forecast of the state of these characteristics in future time
intervals.

VI. CONCLUSION

This study presented a combined experimental and
modeling approach to analyze the impingement spray
behavior of gasoline and ethanol using a GDI injector taking
into account base experimental results obtained in [3]. A
Lyapunov-based approach was developed to estimate key
spray characteristics including rebound height with aid of
MATLAB-based experimental data processing algorithms.
At the same time, both qualitative and quantitative
assessments are provided, as well as a forecast of the state of
these characteristics in future time intervals. Experimental
investigations, conducted through high-speed Schlieren
imaging and Phase Doppler Particle Analysis (PDPA),
demonstrated that gasoline sprays generally exhibited
greater rebound heights and more effective atomization
compared to ethanol, particularly at elevated injection

pressures. The consistency between the experimental
findings and model predictions validates the use of
Lyapunov-based analysis in capturing key features of spray
dynamics. These insights enhance our understanding of
fuel-wall interaction and can inform future injector design,
control strategies, and emission mitigation measures. As a
direction for future research, the modeling framework will
be extended to incorporate nonlinear dynamics or data-
driven switching laws to further improve its predictive
capabilities.
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